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Abstract 

Bieliavsky introduced and investigated a class of symplectic sym- 
metric spaces, that is, symmetric spaces endowed with a symplectic 
structure invariant with respect to symmetries. Since the theory of 
symmetric spaces has essential and interesting generalizations, we ask 
a question about their possible symplectic versions. In this paper we do 
obtain such generalization, and, in particular, give a list of all symplec- 
tic 3-symmetric manifolds with simple groups of transvections. We also 
show a method of constructing semisimple (noncompact) symplectic 
/c-symmetric spaces from a given (compact) Kahler k-symmetric space. 

1 Introduction 

A homogeneous /c-symmetric space is a homogeneous space generated by a 
Lie group automorphism of order k. It is a natural generalization of the 
concept of a symmetric space. The theory of generalized symmetric spaces 
was worked out by Fedenko and Kowalski [3], [9]. In [3] Bieliavsky built a 
symplectic version of the theory of symmetric spaces. In this paper he ex- 
pressed the classification problem of symplectic symmetric spaces in terms of 
Lie algebras. In particular, a classification of semisimple symplectic symmet- 
ric spaces was obtained by studying infinitesimal objects called symplectic 
triples. Let X = {G/K,u,s) be a simply connected, symmetric symplectic 
space. One can uniquely identify this manifold with the appropriate triple 
(called the symplectic triple): {Q,a,Q). The Lie algebra of a Lie group G 
has a reductive decomposition into +1 and (—1) eigenspaces of an involutive 
automorphism a oi q: 

Q = l) + m 
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It is shown, that the existence of an invariant 2-form Q, whose restriction to 
m X m is a symplectic structure, is equivalent to the existence of an element Z 
in the center Z{i)), which has the injective adjoint representation on m. Then 
it is proved, that in the symmetric semisimple case, every nonzero element 
in Z{i)) has this property. This reduces the problem of the classification of 
simple symplectic spaces to finding appropriate Lie algebras in Berger's list 
of simple involutive Lie algebras [Ij. Our aim is to extend this result to the 
class of fc-symmetric case. This is not straightforward for several reasons (for 
example, Berger's list is not applicable). However, using general techniques 
from p] together with modifications of Bieliavsky's arguments and a quite 
subtle kind of "duality" between 3-symmetric spaces of compact and non- 
compact type [S], we are able to extend some of his results to the case of 
generalized symmetric spaces. In particular, we get a classification of 3- 
symmetric spaces with simple transvection groups. The latter is given in 
Tables 1-3 at the end of the article. Our work consists of three steps: 

1. Description of symplectic A;-symmetric spaces and the equivalence be- 
tween /c-symmetric symplectic spaces and fc-symmetric symplectic triples. 
This part mainly follows the line of arguments in [9] and |3], 

2. Establishing the properties of fc-symmetric triples and a connection 
between symplectic forms and elements of the center of i) , 

3. A classification theorem. 

Methods used in this paper are based on classical Lie group theory. If nec- 
essary the reader may consult [7] and [HJ. Our notation and terminology 
are closed to these sources, therefore, we use this material without further 
explanations. Our basic reference for symplectic manifolds is [lOj 
The main results are contained in Theorems [3lH| [9] and Tables 1-2. 

2 /c-symmetric spaces 

Definition 1. A regular k-symmetric symplectic manifoldis a triple (M, u, s), 
where M is a manifold with a symplectic form u, and the family of diffeo- 
morphisms 

s = {s^ : M ^ M,x e M} 
satisfies for all x,y E M the following conditions: 
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1. Sx{x^ X, 

2. Sx is a symplectomorphism, such that = id and A; > 2 is the least 
integer with this property, 

3. SxOSy = s^o Sx for z = Sxiy), 

4. the fixed point x of Sx is isolated. 

We begin with a general description of /c-symmetric spaces following [9j. 

Definition 2. Let there be given a regular /c-symmetric manifold (M, s).The 
group of transvections G{M) of (M, s) is the group generated by all auto- 
morphisms of the form: Sx o Sy^, x,y & M. 

Definition 3. Let there be given a regular fc-symmetric manifold (M, s). 
Consider the smooth multiplication M x M — )■ M defined by the formula 
X ■ y = Sx{y)- The group Aut{M) of diffeomorphisms preserving the multi- 
plication will be called the group of automorphisms of (M, s). 

It is proved in [9] that Aut{M) is a Lie group of transformations of M. 
We will need the Proposition below, which is proved in [9] (Theorems 11.33 
and 11.35). 

Proposition 1. Let {M,uj,s) be a regular k-symmetric space. Then G{M) 
is a connected normal subgroup of Aut{M) . Moreover G{M) is a transitive 
Lie group of transformations of M. 

This Proposition enables us to look at (M, s) as at a homogeneous space. 

Definition 4. A regular homogeneous k-manif old is a triple {G, H, a), where 
G is a connected Lie group, if C G is a closed subgroup, and cr : G —t- G is 
an automorphism of G such that: 

1. = id and A; > 2 is the least integer with this property, 

2. {G^y C H CG'' , where G'^ = G G | a{g) = g} , and {G'^f is the 
identity component of G'^. 

Proposition 2 (11.24 and 11.45 in |9]). For {G,H,a) let A := id - a\ 

f) := ker A, m := Im A. Then \) is a Lie algebra of H and the space G/H is 
reductive with respect to the decomposition g = [) + m. 
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Definition 5. {G, H, a) is said to be prime if G acts effectively on G/H and 
[m, m](, = P) (the index at the bracket indicates taking the f)-component of a 
vector in q). 

Theorem 1 (11.40 in [^). Let o & M and k > 2. There is a one-to-one 
correspondence between the pointed, connected, regular k-manifolds (M, s, a) 
and the prime, regular homogeneous k-manifolds {G,H,a). 

Before proceeding to the symplectic case, we need one more observation. 

Lemma 1 (Fitting decomposition). Let W be a finite dimensional vector 
space and A : W ^ W be an automorphism. There is a unique decomposition 
W = Wqa © of W into A-invariant subspaces, such that A \woa ^■^ 

nilpotent, and A \ wia ^■^ automorphism. We also have: 

WiA = nZiA\W) WoA = {v\\A'{v) = for some i}. 

Let be a Lie algebra with an automorphism u of order k and let A := 
id — V. Take f) := ker A and m := Im A, then = f) + m is the Fitting 
decomposition of g. It is sufficient to show, that f) = Qqa, because A{h + m) = 
A{m). Assume that X G Qqa and X ^ i). Without loss of generality we get: 
AX ^0 and A^X = 0. Thus, X - uX = Y ioi some F G g, uY = F„ and, 
therefore: 

uX = X -Y 
ly^X = vX -vY = X -2Y 

v^X = X - kY = X, 
and hence Y = 0, a contradiction. We also get 

[f), f}] C f) and [f), m] C m (*) 

The first one is obvious. As for the second, one can notice that A is an 
automorphism. For X E xn, Y E i) there is Z e m such that X = AZ = 
Z — vZ . Finally 

[X, Y\ = \Z- vZ, Y\ = [Z, Y] - [uZ, vY] = A[Z, Y] e m. 

Consequently, the pair (g, u) gives rise to the simply connected regular ho- 
mogeneous /c-manifold {G,H,a), where z/ = cr*. 
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Definition 6. A homogeneous space G/H is called reductive, if there is a 
decomposition g = P) © m such that AdG{H){m) C m. 

Note that if H is connected, the reductivity condition is equivalent to 
(*). It is clear from our discussion that regular homogeneous /c-symmetric 
spaces are reductive. The property of reductivity will be used throughout 
the paper. More details can be found in p]. 

Definition 7. The pair (g, v) will be called k-symmetric. It is effective, if () 
does not contain any proper ideal of g and prime, if it is effective and satisfies 
the equal ty: 

[m,m]f, = f). 

The decomposition g = f) + m is called the canonical decomposition of a 
k-symmetric pair. 

Let there be given a homogeneous /c-symmetric manifold {G,H,(t). If the 
group G acts effectively on G/H, then the corresponding pair (g, u) is called 
effective. Conversely, assume that (g, u) is effective. Then the map U — >■ 
ad{U) \m defined on i) is injective. We have the following. Let n be the set 
of all elements U e i) such that [f/, m] = 0. For f/' G f), U G n, X G m we 
have [U, X] = and [X, U ] E ra which implies 



[U',U],X = U',[U,X] + U,[X,U' 



0. 



For F G (), U G n, X G m we obtain [[Y, U],X] = 0. Hence n is an ideal of 
g and n C f), therefore n = (0). 

Proposition 3. Let k > 2. There is a one-to-one correspondence between 
k-symmetric, prime pairs (g, u) and simply connected prime homogeneous 
k-manifolds {G,H,a). The group G corresponds to q, u = cr* and H is a 
connected subgroup with the Lie algebra f) = kerA, where A = id — v. 

We also need the following. 

Proposition 4. Let (g, v) be a k-symmetric pair in which q is a simple Lie 
algebra. Then (g, u) is prime. 

Proof. It suffices to notice, that c := m + [m, m] is an ideal of g. □ 

Definition 8. A connected regular pointed /c-symmetric space (M, s, a) is 
called simple, if G = G{M) is a simple Lie group. 
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Now it is easy to see that we can identify isomorphic classes of simply 
connected simple /c-symmetric spaces (M, s, o) with the isomorphic classes of 
simply connected prime homogeneous /c-manifolds {G, H, a), and isomorphic 
classes of fc-symmetric prime pairs (0,z^). We can use interchangeably those 
objects as a description of a fixed fc-symmetric manifold. Now we must 
check, if the above construction works in the symplectic category. We need 
the following theorem: 

Theorem 2 (11.25 in [H]). . 

1. Let {G,H,a) be a regular homogeneous k-manifold, it : G ^ G/H the 
canonical projection and s the transformation of G/H induced by a, 
so7i = 7ioaonG. Let G act on G/H by left translations. Then 
putting: 

s^ig) = gosog-^ for each g E G, (1) 

we obtain a well defined family p = {s^ \ x G G/H} of diffeomorphisms 
of G/H. {G/H,p) is a connected, regular k-manifold and G acts as a 
group of automorphisms of it. 

2. Conversely, let {M,p,o) be a connected, regular k-manifold and a E M 
be a fixed point. Let G be the identity component of the automorphism 
group Aut{M) and Go the isotropy subgroup of G at a. Define a map 
a : G ^ Aut{M) by the formula 

a{g) = SoOgo.s^^ for g eG. 

Then a is an automorphism of G, and {G,Go,(y) is a regular homoge- 
neous k-manifold. Also, M = G/Go and the symmetries Sx are given 
by the formulaUl for s = Sq- 

Assume now, that {M,u,s,o) is a A;-symmetric, symplectic pointed space 
and let (g, u) be the corresponding A;-symmetric pair. There is a differential 
2-form on given by the pullback of u |o by (7r*a;o)e, where tt : G — )■ M 
is the canonical projection. The form Q is closed and nondegenerate on m. 
The form u is invariant under the action of G C Aut{M,u, s) and every Sx, 
so the form Q is a(i[,-invariant and u = cr,,-invariant . 

Conversely - take (g, u, Q) where Q is ad^- and zz-invariant symplectic form 
on m. Let {G, H, a) be the corresponding simply connected, fc-symmetric ho- 
mogeneous manifold. Let Qhe a 2-form on g obtained from f2 by extending 
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by in [), so that i{X)Q = for x G (). We get a nondegenerate G-invariant 
form u on G/H such that (w = tt*co). Let C^{q) denote the p-cochains in q 
over reals and let 5 be a coboundary operator for the trivial representation of 
Q on M. Because £2 is ac/fj-invariant, it is a Chevalley 2-cocycle. This means 
that u is closed. We conclude that, by equation [H u is invariant with respect 
to symmetries s^. 

Definition 9. A triple (g, u, Q) is called a prime /c-symmetric symplectic 
triple, if the following conditions are satisfied: 

• z/ is an automorphism of g such that = id and A; > 2 is the least 
number with this property; 

• for the canonical decomposition g = f) © m, the Lie algebra i) does not 
contain any proper ideal of g (-v^ f) acts effectively m ) and 

[m,m]f, = [). 

• f2 is an a(i(,-invariant symplectic form on m and u is a symplecto- 
morphism of the symplectic vector space (m, Q) . 

If g is semisimple (simple, reductive), then the triple (g, u) is called semisim- 
ple (simple, reductive). 

Theorem 3. For every k > 2 there is a one-to-one correspondence be- 
tween prime symplectic k-symmetric triples (g, z/, Q) and simply connected 
k-symmetric pointed spaces {M,u,s,o). This correspondence is described as 
follows: g is the Lie algebra of G{M), v is the differential of the automor- 
phism of G{M) generated by So, and Q is the pullback of u by the canonical 
projection. 

3 Singling out symplectic /c- symmetric triples 

In this section we will effectively describe how one can single out a k- 
symmetric symplectic pair in the class of ^-symmetric triples. We begin 
with the following proposition. 

Proposition 5. // (g, z/, fi) is semisimple then the Killing form of Q is non- 
degenerate on f) and on m. 
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Proof. If (g, u, Q) is a semisimple /c-symmetric triple then the Kilhng form B 
of g is nondegenerate. Moreover: 

B{x, y) = B{ux, uy) for x,y e Q 

Thus for X G f) and y E g we have 

B{x,y) = B{x,iyy) =^ B{x,y-iyy)=0 =^ B{x,Ay) = 

But A(q) = m so t) and m are _B-orthogonal. □ 
The following fact is well known (one can consult |12)). 

Lemma 2. Let q be a semisimple finite- dimensional Lie algebra over a field 
K of characteristic 0. Let M be a finite- dimensional g- module. Then: 

1. H\g,M) = 0, 

2. H\g,M) = 0. 
It follows that 

= —da a G g*. 

For any Lie algebra t we have 6 G t ^ db{X, Y) = —b{[X, Y]) so: 

-i{h)n{X) = ^ a([fi, m]) = a([fi, fi]) = 0. 

Since the Killing form B is nondegenerate, the 1-form a is dual to some 
element Z E g with respect to B by the formula 

B{Z,.) = a{.) 

Vx.yeg n{X,Y)=BiZ, [X,Y]). 
The latter implies the following result. 

Theorem 4. A semisimple k-symmetric pair (g, u) is symplectic if and only 
if there is Z E Z{i)) such that ker{adz\m) = 0. 
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Proof. Let (g, u) be symplectic. There is Z G g such that: 

Q{X,Y) = BiZ, [X,Y]) 

Let Z = h + m, we have: 

Vhiet) Vmiena [/ii,mi]) = 

B{[h + m, hi], mi) =0 
but {) is a subalgebra, also m and P) are S - orthogonal so: 

Vhiefi V-m^en S([m, /ii],mi) = 0. 
The Killing form is nondegenerate on m and [f),m] C m therefore: 

Vftiei, [hi,m] = 0. 
Assume, that m ^ 0. The symplectic form is nondegenerate on m: 

a^jem B{Z, [m,m2]) 7^ 

B{[h + m, m], 7^ 
-B([/i, m] + [m,m], 7712) 7^ 
5(0, ma) 7^0, 

a contradiction, which implies Z = h. Because i{h)Q{X) = we get: 

Vhi,/i2ef) B{h, [hi,h2\) = 

S([/l,/li],/l2) =0, 

and because B is nondegenerate on [) we obtain: 

V/,,ef, [h, hi] = 0, 

which implies Z G Z(f)). 

Conversely, define a 2-form by 

Q{X, Y) := B{Z, [X, Y]) = B{[Z, X],Y). 

It is nondegenerate on m because B is nondegenerate on m and i{W)Q = 
for G (). Furthermore Q is closed by Lemma [2l Now it is sufficient to 
notice, that I'iZ) = Z. The latter follows from the equalities below. 

B{Z, [z/(X), = B{Z, u[X, Y]) = B{u{Z), v\X, Y]) = B{Z, [X, Y]). 

□ 
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In view of the latter theorem, it will be convenient to use the following 
terminology. 

Definition 10. An element Z such that Z G Z{[)) and ker{adz\m) = will 
be called injective. 

Now Theorem H] can be fomulated as follows. A semisimple k-symmetric 
pair (g, u) is symplectic if and only if it has an injective element. 

4 Classification of 3-symmetric symplectic spaces 

4.1 Classification of 3-symmetric spaces 

In [S] Gray and Wolf presented (inter alia) a classification of simple, simply 
connected 3-symmetric manifolds X = G/ H, where group G acts effectively 
on X. Compact and noncompact spaces are treated separately. In the first 
case the classification is divided into the following three subcases : 

CI: G is a simple Lie group, -ff is a centralizer of a torus, ran/c G = rank H 

C2: G is a simple Lie group, H is semisimple with center Z3, rank G = 
rank H 

C3: rank G > rank H 

At the second step of their analysis, they use the above list and study the 
noncompact case by a certain construction which we are going to describe 
now. Here are the basic steps of it. 

Step 1 . Let G be a reductive non-compact Lie group with Lie algebra g and 
let if be a closed and reductive subgroup of G with the Lie algerba {). Assume 
that G acts effectively on X = G/H. There exists a Cartan involution o" of g 
which preserves 1) and we can decompose g into and (— l)-eigenspaces 

of a (this is the Cartan decomposition): 



g = g" + m f) = [)" + ({) n m). 
We obtain compact real forms of and fi'' : 



s« = + V-1 

Then the following result holds. 




u 
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Lemma 3 (Lemma 7.4 in [S]). There is a unique choice of Lie group Gu with 
Lie algebra g„ which has the properties (Z^ denotes the identity component 
of the center of Gu): 

1. the analytic subgroup for f)^ is closed, 

2. the action of Gu on Xu = Gu/ Hu is effective, 

3. X'^ = Gu/ZuHu is simply connected, the natural projection Xu — )■ X'^ 
is a principal torus bundle with group Zu, and tti{Xu) = 7Ti{Zu), free 
abelian of rank dimZu- 

Step 2. Let X = G / H he a. coset space of compact and connected Lie 
groups G and H with Lie algebras q and [). Let G act effectively on X and 
let (J be an involutive automorphism of g which preserves f). In the compact 
case such automorphism always exists, since a compact Lie group contains a 
circle subgroup, say S. Thus, one can take an inner automorphism generated 
by s G 5 C of order 2. We have the following decomposition into (+1)- 
and (— l)-eigenspaces of a: 

g = g- + m [) = [)'^ + ([)nm). 
This decomposition defines real forms of g*^ and {f-' : 

g* = g- + v^m r = r + v^(f)nm). (2) 

Furthermore, g* is reductive, f)* is reductive in g*, and the following result 
holds. 

Lemma 4 (Lemma 7.5 in [5]). There is a unique simply connected coset 
space G* / H* , where G* is a connected Lie group with the Lie algebra g*, H* 
is a closed subgroup of G with the Lie algebra [)*, and G* acts effectively on 
X* . Let F be a torsion subgroup of tti{X). Then F can be viewed as a finite 
central subgroup of Gl (cf. Step 1) such that G = G*JF, H = {H*F)/F and 
X = X:/F 

Step 3. Let (g*, v) be a noncompact prime 3-symmetric pair and assume 
that g* is semisimple. We will show, that it can be obtained from some 
compact 3-symmetric space by the procedure from Lemma [31 This pair 
defines a 3-symmetric space X* = G*/H*. First, we will assign a compact 
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3-symmetric space X to X* . Extend u by linearity to an automorphism of 
{q*)'^ and let L be a maximal compact subgroup of Int{{Q*)'^) containing 
u. It is known that for any complex semisimple Lie algebra a, any maximal 
compact subgroup of a Lie group A = Int{a) corresponds to a compact real 
form of a. Because of that, we may conclude that L defines a compact real 
form g of g*'^ by exp{adQ) which is the identity component Lq of L. We have 
^{q) = 0! so let f) = and obtain a simply connected homogeneous space 
X = G/H with connected G acting effectively on X. Using lemma [3] we also 
have a correspondence between X* = G*/H* and X* = G^/K*. As q and 
0* are compact real forms, there is an automorphism a of (q*)'^ sending g 
to 0*. Furthermore f) and P)* are compact real forms of {q*)'^Y so we have 
a(f)) = f) = f)*, thus there is also an automorphism /3 of a(g) = g* which 
sends a;(f)) to f)*. Therefore Pa : = g^ sends [) to ()*, and so induces an 
isomorphism from X to X*. As a result we can view X* = G*/H* as a 
space constructed from X = G/H hj the procedure described in Lemma HJ 
provided that we view f) := g"^, where an automorphism of order 3 is defined 
as0 = P oaouo o We can summarize these observations as follows. 
We will say that a 3-symmetric space of non-compact type G* /H* is obtained 
from a 3-symmetric space of compact type by a canonical procedure, if G* / H* 
corresponds to G/H in accordance with Lemma |H 

Theorem 5. Any simple 3-symmetric space G*/H* of non- compact type is 
obtained from some compact 3-symmetric simple space by a canonical proce- 
dure. 

Now, one only needs to check what spaces can be obtained from [C1]-[C3] 
by the procedure from Lemma HI and therefore obtain the classification of 
noncompact simple 3-symmetric spaces X* = G*/H* where G* acts effec- 
tively: 

NCI : G* is a simple Lie group, H* is a centralizer of a compact toral 
subgroup. This class consists of G*, which are obtained from spaces in 
Zl (by the procedure from Lemma H] or by complexification). 

NC2 : G* is a simple Lie group, H* is not a centralizer of a compact toral 
subgroup, rank G* = rank H*. This class consists of G*, which are 
obtained from spaces in C2 (by the procedure from Lemma H] or by 
complexification) 

NC3 : rank G* > rank H* 
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4.2 Classification of 3-symmetric symplectic spaces 

We begin with the compact case. 

Theorem 6 (Theorem 9.5 in [5j). Let X = G/H where G is a compact Lie 
group, H is a centralizer of a torus. Then X is equipped with an invariant 
Kdhler structure. 

Therefore, all spaces from the class CI are symplectic. Classes C2 and C3 
have no symplectic representatives, because in each simple space the center 
of the isotropy subgroup is discrete and, therefore, has no injective elements. 
All spaces from CI are presented in table [1] 

Now we can analyze the noncompact case. Let a be an involutive auto- 
morphism of g. Let 

5 = [) © 

be the canonical reductive decomposition, determined by some automor- 
phism of order 3. Note that this time we denote the reductive complement 
by m^, since m is reserved for the (— l)-eigenspace of the involution a. We 
can assume that o"(f)) = f). Then 

fi(a(f)),a(mA)) =5(f),m^) = 

hence 

5(fi,a(m^)) = 0. 

Because the Killing form B is nondegenerate on [), we get the equality 
(j{xnA) = iTiA- Therefore the following equalities yield a decomposition into 
eigenspaces of a : 

[) = f)i © f)2 = nil © m2 
= ()i ©if)2 

We need the following result. 

Lemma 5. Assume that G/H is 3-symmetric and compact. If dimZ{\)) = 1, 
then any 3-symmetric homogeneous space G*/H* obtained by a canonical 
procedure, also possesses an injective element (and, therefore, is symplectic) . 

Proof. Every element g E g* and h E i)* can be written as 
g = + m\ + ih^ + im\ h = h + ih , 
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for h^, h"^, h\ h" G f) and m^, m\ G m^. Moreover, an automorphism a 
acts as the identity on h^, h , m\ and minus the identity on h'^, h , m\. Let 
Z = h + h be an injective element in the center of f), and let h = hi + h2 
be any element in [) decomposed with respect to a. The following equalities 
hold 

[h +h ,hi]=Q 
[h',hi] + [h",hi] = 
a{[h',h] + [h",h]) = aiO) 
[h\h]-[h",h]=0 
We have [h\ hi] = [h'\ hi] = 0, analogously 

[h +h ,h2]=0 

gives us [h',h2\ = [h",h2] = 0. Therefore, h',h" G Z(i)). The center of [) is 
one- dimensional, and a acts on h by and by —id on h , so h = or 
h = 0. Without loss of generality assume h = 0, therefore h is injective. 
Let: 

[h', + m\ + ih^ + im\] = 
for any g = + m\ + ih"^ + im\ in q* . Vector Z = fi is in the center of f), so 

[/z. , /z."^ + ra\ + i/i^ + im^] = [h , + zm^] = [/;, , m^] + i[h , m^] = 

therefore m\ = m\ = 0, because Z is injective on m-A- □ 

We also need the following properties. 

Theorem 7 (Theorem 13.3(1) in [13]). Let X = G/H, where H is a con- 
nected subgroup of maximal rank in a compact connected Lie group G. Let a 
be an automorphism of G which preserves H, thus acts on X, and preserves 
some G-invariant almost complex structure on X. Then the following con- 
ditions are equivalent, and each implies that a preserves every G-invariant 
almost complex structure on X : 

1. a is an inner automorphism of G, 

2. a = ad{k) for some element k E H. 

We also have theorem 7.7(ii) from [5j for a special case S = {1, 0, 0^} where 
is an automorphism of q*, which defines a 3-symmetric structure. 
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Theorem 8. Let X = G/H where G is compact connected Lie group with 
closed and connected subgroup H and let G act effectively on X. Let o he an 
involutive automorphism of G which preserves H. Let X* = G*/K* be the 
simply connected space described in lemma^ Then: 

1. G -invariant and a -invariant almost complex structures on X are in 
one-to-one correspondence with G* -invariant and a -invariant almost 
complex structures on X* . 

2. X* has a G* -invariant and a-invariant almost complex structure. 

Now we can continue our classification of symplectic 3-symmetric spaces. 
We will show, that all spaces in NCI are symplectic. To do this, we have to 
prove, that every space in this class has an injective element. All such spaces 
are constructed from G/H from CI, and so G/H has an invariant Kahler 
structure ((■, ■),a;, J). Note that in what follows we will use the well-known 
relation between the Riemannian metric (■,■), the complex structure J and 
the Kahler (symplectic) form u: 

{.,.)= 

Also, we will consider invariant almost complex structures on reductive ho- 
mogeneous spaces G/H. A general description of such structures can be 
found in [8j (Proposition 6.5, Chapter X). We use the following: there is a 
one-to-one correspondence between G-invariant almost complex structures 
on G/H and linear endomorphisms J : m — t- msuch that = —id and 
J o Ad h = Ad ho J for any h & H. If is connected, the latter is equivalent 
to the identity 

J o adt = adt o J,\/t E f). 

We will consider two cases determined by the type of involutive auto- 
morphism a (it may be inner or outer). We should keep in mind that the 
spaces belonging to the class NCI are obtained by the canonical procedure 
from CI and correspond either to inner a, or to outer a. For example, all 
non-compact 3-symmetric spaces G*/H* from Table 3 belong to NCI. 
Case 1: a is an inner automorphism. Then, based on above properties, 
a = ad{k) for some k E H and cr preserves any G-invariant almost complex 
structure. Assume that the injective element for the form u is Z = h + h 
(the decomposition is taken with respect to cr)). As in the proof of Lemma 
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Owe show that G Z{i)). Then 

Vx,ye„^ F) = B{h' + h" , [X, Y]). 

Assume that h' ^ and Mi + M2 7^ is in the kernel of adh'. Then 

[/i',Mi + M2] = 

ai[h' , M^ + M2]) = aiO) 
[h',Mi-M2] = 

so [/i',Mi] = [/;,', M2] = 0. Without loss of generality take Mi 7^ 0. Because 
J is G - invariant we have = J[h , Mi] = [h , JMi]. Therefore: 

< (Ml, Ml) =u;(JMi,Mi) = B{h' + h" ,[JMi, Mi]) = B{h" ,[JMi, M^]) 

Because J is a-invariant and a (Mi) = Mi we have: 

B{h", [J Ml, Ml]) = 5(a(/i"), a([JMi, Mi])) = -5(/i", [JMi, Mi]), 

< 5(/i", [JMi,Mi]) = 0, 

a contradiction. Therefore either /i' = or fi has trivial kernel. As in lemma 
[5] /i or /i is injective and P)* has an injective element. 

Case 2: a is outer. From [5] we know that all spaces in NCI which cor- 
respond to an outer automorphism are presented in Table 3. The first two 
manifolds are constructed from G = SU (n)/Z„, H = S{U (a) x U (a)/Z„} for 
1 < a < n — 1. Here the center of the isotropy subgroup is one-dimensional, 
so the existence of an injective element follows from Lemma [5l The last 
space comes from G = SO{2n)/Z2, H = {U{a) x S0{2n - 2a)} /Z2 for 
1 < a < n — 1 . When a 7^ n — 1 we can again use Lemma O 
For a = n - 1 we have G = SO{2n)/Z2, H = {U{n - 1) x SO{2)}/Z2 
and a = ad{k) where k = diag{ki, k2), ki G U{n — 1), k2 G 0(2) and 
detk2 = -1. But G = SO{2n)/Z2, H = {U{n - 1) x SO{2)}/Z2 and 
G = SO{2n)/Z2, H = {U{n - 1) x 0(2)}/Z2 share the same 3-symmetric 
pair (0, u). We have exactly the same canonical decomposition S = f) + vxa- 
Therefore, on the level of the Lie algebras we can treat a as an inner au- 
tomorphism, and thus every G-invariant almost complex structure on is 
cr-invariant . We can continue as in Case 1. 

We should also notice that a direct calculation shows that the following 
lemma is valid. 
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Lemma 6. The complexification of a Lie algebra with an injective element 
has an injective element. 

Classes NC2 and NC3 do not contain any symplectic spaces for the same 
reason as C2 and C3. All spaces from NCI are presented in Tables 2 and 3. 
We can summarize our considerations as follows. 

Theorem 9. All simple, simply connected regular 3-symmetric symplectic 
spaces are given in Table 1 (compact case) and Tables 2 (noncompact case). 

Remark 1. Note that Table 2 contains Table 3. 
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Tables 

We use standard notation. However, the sources like [7] and [TT] slightly 
differ from each other, so one should consult [5] for the details. 



Table 1. Compact spaces 


G 


K 


n>2 


S{U{a) X U{b) X U{c)}/Zn, 
<a<b<c, <b, a + b + c = n 


SO{2n + l) 
n > 1 


U{a) X SO{2n-2a+l), 
I < a < n 


Sp{n)/Z2 


{U{a) X Sp{n- a)} /Z2, 
I < a < n 


SO{2n)/Z2, 


{U{a) X SO{2n-2a)}/Z2 
I < a < n 


G2 


U{2) 




{Spin{l) X T'}/Z2, {5p(3) X T'}/Z2 




{SO{lQ) X SO{2)}/Z2, {S{U{b) X [/(!)) X SU{2)}/Z2, 
{[5C/(6)/Z3] X ri}/Z2, {[50(8) X SO{2)] x SO{2)}/Z2 


Et/Z2 


{Eq X T^}/Z3, {5C/(2) X [50(10) X 50(2)]}/Z2, 
{50(2) X 50(12)}/Z2, 5{C/(7) x C/(l)}/Z4 




50(14) X 50(2), {Ej X T^}/Z2 



Table 1: A/Xn denotes the quotient of A by the central subgroup which is 
cyclic of order n. If A = S x C, then A/Z„ is 5 x C glued along central cyclic 
subgroups of order n. S*!...} denotes elements with determinant equal to 1. 
SO*{n) denotes the real form of 5'0(n, C), n = 2m with maximal compact 
subgroup U{m). 
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Table 2. Noncompact spaces 


G* 


K* 


SU (n — m, m) jln 


S{U{a-s,s) X U{b-t,t) X U{c~ p,p)}/Zn 
a + b + c = n, s + t+p = m, 0<a<b<c, l<b, 
< 2s < a, <2t<b. < 2p < c 


SL{n,m)/'L.2 


{5L(f,C) xT^I/Zn 
n = 0(2) 


5L(f,H)/Z2 


{SL{^,C)xT'}/Zn 
n = 0(2) 


SL{n, C)/Z„ 


S{GL{a,C) X GL{b,C) x G'L(c,C)}/Z„ 
a + b + c = n, < a < b < c, 1 <b 


S0{2n + l- 2s-2t,2s + 2t) 


U{a - s, s) X SO{2n ~ 2a + 1 - 2t, 2t) 
l<a<n, 0<2s<a 


S0{2n + l,C) 


GL(a, C) X S0{2n - 2a + 1, C) 

1 < a < n 


Sp{n~ s - t,s + t)/Z2 


{U{a -s,s)x Sp{n -a-t, t)}/Z2 
l<a<n, 0<2s<a, 0<2t<n-a 


5p(n,M) /Z2 


{U{a-s,s) X Sp{n- a,m.)}/Z2 
l<a<n, 0<2s<a 


Sp{n,C)/Z2 


{GL{a, C) X Sp{n - a, C)}/Z2 
1 < a < n 


S0{2n -2s-t,2s + 1) /Z2 


{U{a - s,s) X SO{2n -2a-t, t)}Z2 
l<a<n, 0<2s<a, 0< t < n - a 


50*(2n)/Z2 


{U{a - s, s) X SO*{2n - 2a)}Z2 

1 < a < n, < 2.S < a 


SO{2n,C)/Z2 


{GL(a, C) X 50(2n - 2a, C)}/Z2 
1 < a < n 


G2 


C/(2) 


G2 = G2,AiAi 


f/(2), t/(l,l) 


G^ 


Gi:(2,C) 


Fa 


{5pm(7) X T^}/Z2, {Sp{-i) X T^}/Z2 




{5pm(7-r,r) x T^j/Za, {5p(2, 1) x r^}/Z2 
r = 0, 1 


Fi,C3Ci 


{5pm(7 - r, r) X T^}/Z2, {5p(3 -t,t)x T'}/Z2 

{5|j(3,R) X Ti}/Z2 
r = 2,3: t = 0, 1 




{5p//*(7.C) X CI/Z2. {.Si;(3.C) x C^}/Z2 
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Table 2. Noncompact spaces - cont. 




{50(10) X 50(2)}/Z2 
{5(f/(5) X [/(!)) X 5C/(2)}/Z2, {[5C/(6)/Z3] x Ti}/Z2 
{[50(8) X 50(2)] X 50(2)}/Z2 


-£'6,^1^5 


{5O*(10) X 50(2)}/Z2, {50(6,4) x 50(2)}/Z2 
{5(C/(5 - p) X (7(1)) X 5(7(2 - ,s)}/Z2, 
(s,p) = (0,0), (0,1), (0,2), (1,2) 
{[SU{6 - p,p)/Z3] X Ti}/Z2, p = 0, 2, 3 

{[50*(8) X 50(2)] X 50(2)}/Z2 
{[SO{8-p,p) X 50(2)] X 50(2)}/Z2, p = 2,4 


E6,D5T^ 


{SO{10-p,p) X 50(2)}/Z2, {5O*(10) x 50(2)}/Z2, p = 0,2 
{5(C/(5 - p) X (7(1)) X 5(7(2 - .s, .s)}/Z2, 
(s,p) = (l,0),(0,l),(l,l),(0,2) 
{[5C/(6 - p,p)/Z3] X Ti}/Z2, p = 1, 2 

{[50*(8) X 50(2)] X 50(2)}/Z2 
{[50(8 -p,p)x 50(2)] X 50(2)}/Z2, p = 0,2 


E^/Z3 


{50(10, C) X C*}/Z2 
{5(GL(5,C) X C*) X 5L(2,C)}/Z2, {[5L(6, Q/Zg] x C*}/Z2 
{[50(8, C) X C*] X C*}/Z2 


Er/Z2 


{Ee X T'}/Z3, {5C/(2) x [50(10) x 50(2)]}/Z2 
{50(2) X 50(12)}/Z2, 5((7(7) x C/(l))/Z4 


-^7,^7 


{Ee,A^A, X T^}/Z2, {5(7(2) x [5O*(10) x 50(2)]}/Z2 
{5(7(1,1) X [50(6,4) X 50(2)1}/Z2 
{50(2) X 50*(12)}/Z2, {50(2) x 50(6,6)}/Z2 
S{U{7-p,p) X (7(1))/Z4, p = 0,3 


E7,AiDe 


{Ee^Dr,T^ X T^}/Z2, {Ee,A,A, X T'}/Z2 

{5[/(2 -p,p) X [50(10 - .s,s) X 50(2)]}/Z2, 
(p,s) = (0,0),(0,2),(l,2),(0,4) 
{5(7(1,1) X [5O*(10) X 50(2)]}/Z2 
{50(2) X 50(12-p,p)}/Z2, 5((7(7-s,s) x U{l))/Zi, 
p = 0,4s = l,2,3 


E7,EeT^ 


{^6 X T^}/Z3, {Ee.D.T^ X T'}/Z2 

{5(7(1,1) X [50(10) X 50(2)]}/Z2, {5(7(2) x [5O*(10) x 50(2)]}/Z2 
{50(2) X 50*(12)}/Z2, {50(2) x 50(10, 2)}/Z2 
5((7(7 - s, s) X (7(1))/Z4, s = 1, 2 


E^/Z2 


{E^ X C*}/Z3, {5i(2,C) X [50(10, C) x C*]}/Z2 
{C* X 50(12,C)}/Z2, 5{Gi(7,C) x C*}/Z4 


Eg 


50(14) X 50(2), {Er x T'}/Z2 


E8,Ds 


50(14) X 50(2), 50(8,6) x 50(2), 50* (14) x 50(2) 

{Er.MDe X Tl}/Z2, {£'7,^7 X T^}/Z2 


E8,AiEj 


50(12,2) X 50(2), 50(10,4) x 50(2), 50*(14) x 50(2) 
{Er X ri}/Z2, {Er,EeT^ x T^l/Za, {Er^A.De x T^M'l-i 


-^8 


50(14, C) x C*, {E^ X C*}/Z2 
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Table 3. Noncompact spaces of outer automorphism 


S'L(n,R)/Z2 


{5L($,C)xT^}/Z. 
n = 0(2) 


5L(f,H)/Z2 


{5L(f,C) xT^}/Z^ 
n = 0(2) 


SO{2n-2s-t,2s + t)/Z2 


{U{a -s,s)x SO{2n -2a-t, t)}Z2 
l<a<n, 0<2s<a, 0<t<n-a 
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